We consider the nonlocal multiscale model for surface tension [Tartakovsky, 2018] as an alternative to the (macroscale) Young-Laplace law. The nonlocal model is obtained in the form of an integral of a molecular-forcelike function with support ε added to the Navier-Stokes momentum conservation equation. Using this model, we calculate analytical forms for the steady-state equilibrium pressure gradient and pressure profile for circular and spherical bubbles and flat interfaces in two and three dimensions. According to the analytical solutions, the pressure changes continuously across the interface in a way that is quantitatively similar to what is observed in MD simulations. Furthermore, the pressure difference Pε,in − Pε,out satisfies the Young-Laplace law for the radius of curvature greater than 3ε and deviates from the Young-Laplace law otherwise (i.e., Pε,in −Pε,out goes to zero as the radius of the curvature goes to zero, where Pε,out is the pressure outside of the bubble at the distance greater than 3ε from the interface and Pε,in is the pressure at the center of the bubble). The latter indicates that the surface tension in the proposed model decreases with the decreasing radius of curvature, which agrees with molecular dynamics simulations and laboratory experiments with nanobubbles. Therefore, our results demonstrate that the nonlocal model behaves microscopically at scales smaller than ε and macroscopically, otherwise.
Non-local surface tension model
We consider the case of two fluids, denoted α and β, in static equilibrium in a domain Ω = Ω α ∪ Ω β . The fluid pressure P α satisfies the static momentum conservation equation [Tartakovsky, 2018] :
where F is the nonlocal force due to surface tension
Here, s(x, y) is the force strength and f ε (|x − y|) is the force shape function. The force strength is given by
To ensure that σ is positive, the coefficients must satisfy s αα + s ββ > 2s αβ . Following Tartakovsky and Panchenko [2016] , we take s αα = s ββ = 10 k s αβ with k = 3. Then, the coefficients are given by
where σ is the macroscopic surface tension. The coefficient λ depends on the shape of f ε as determined by Tartakovsky and Panchenko [2016] :
and
in three and two spatial dimensions, respectively. The force shape function must be negative for small |x − y| and positive for large |x − y|. Several forms of f ε have been proposed in Tartakovsky and Panchenko [2016] . In this paper we take f ε (|x − y|) = |x − y| −Ae 
For f ε given by eq. 7, eq. 5 gives λ = and ε 0 = 0.5ε, although the analytical results are independent of the choice of A and ε 0 . In numerical simulations the parameter ε is picked to be on the order of the grid spacing.
We note that the Young-Laplace (YL) law
results in eq. 1 with
where κ is the interface curvature and φ is the color function
2 Two-dimensional bubble
Consider a circular bubble with radius a centered at (0, 0). In steady state, we have:
∇P (x) = − s(x, y)f ε (x − y) x − y |x − y| dy = − s(x, y) e −|x−y| 2 2ε 2 − Ae −|x−y| 2 2ε 2 0 (x − y) dy
For convenience, we work in polar coordinates. Let y = (r cos θ, r sin θ) and x = (r i cos θ i , r i sin θ i ). Then, x−y = (r i cos θ i − r cos θ, r i sin θ i − r sin θ)
T and |x − y| 2 = r 2 i + r 2 − 2rr i (cos θ i cos θ + sin θ i sin θ) = r 2 i + r 2 − 2rr i (cos(θ − θ i )). We get:
= − [−(r i cos θ i − r cos θ) sin θ i
Now we turn to ∂P ∂ri :
We will consider the integral for κ where κ = 2ε
Now consider the first term in eq. 16 and substitute w = 
whereκ = (2r i ) 2 /κ. We integrate by parts with u = e − w 2 κ and dv = wI 0 (w) dw. This gives
Therefore, substituting eq. 18 into eq. 16 we have:
If r i ≤ a, s(r, r i ) = s αα if r ≤ a and s(r, r i ) = s ab if r > a. Therefore,
A similar expression will hold if r i > a, with s αα and s αβ switched. Now,
To summarize,
Switching back to Cartesian coordinates, 
Equations 24 and 25 hold if r = |x| < a. If r = |x| > a they must be multiplied by -1. Introduce the Heaviside step function H, given by
Then, 
where we used the fact that Γ(k, x) is the upper incomplete gamma function, which has the properties Γ(k, 0) = Γ(k) = (k − 1)! and lim x→∞ Γ(k, x) = 0. Also, H[0 − a] = 0 and lim x→∞ H[x − a] = 1. Substituting eq. 29 in to eq. 28 gives the pressure at the center of the bubble. We can use a similar process to find the pressure at any point r = x 2 + y 2 :
where
It is easy to check that this is continuous at r = a.
can be represented as:
where Φ 3 denotes the Humbert series and I 0 is a modified Bessel function of the first kind. Therefore, 
The solution from eqs. 26, 27 and 30 are plotted in fig. 1 , with a comparison to numerically integrating eq. 11. The radius of support for which the gradient of the pressure is non-zero corresponds to a region of 3.5ε around the interface. The pressure profiles vary continuously across the interface, instead of a sharp discontinuity, and the behavior is quantitatively similar to that of MD simulations [Masuda and Sawada, 2011, Nakamura et al., 2011] . For a/ε = 2, the pressure difference between the inside and outside of the bubble, P ε,in − P ε,out is less than σ/a, showing that the pressure difference deviates from the Young-Laplace law in this case. The pressure difference begins to deviate from the Young-Laplace law at a/ε ≈ 3.5, and P ε,in − P ε,out decreases as a/ε decreases.
Figure 1: Comparison of numerical integration and the exact solution with a/ε = 6 (left) and a/ε = 2 (right). Note the discontinuity the forms when a/ε = 2. This corresponds to the negative pressures seen in the simulations. In this case the pressure (bottom row) does not become negative, but it is significantly reduced from its original value. The values are taken along the line (x, y) = (r cos(0.2), r sin(0.2)).
Three-dimensional bubble
We consider a sphere with radius a centered at the origin. Let the point where we desire to calculate the pressure be x = (x i , y i , z i ). For ease, of computation, we switch to spherical coordinates, so x = (r i sin θ i cos ϕ i , r i sin θ i sin ϕ i , r i cos θ i ). Denote the point y as (r sin θ cos ϕ, r sin θ sin ϕ, r cos θ). Note that |x − y| 2 = r 2 + r 2 i − 2rr i sin θ sin θ i cos(ϕ − ϕ i ) − 2rr i cos θ cos θ i . Also, s(x, y) will depend only on r and r i .
We will first consider the derivative with respect to ϕ:
Now, consider the derivative with respect to θ:
Let κ = 2ε 2 or 2ε 2 0 and consider one term of the integral in eq. 35:
Consider integration by parts on the last term in eq. 36 with u = e 2rr i cos θ cos θ i κ and dv = sin θ cos θ sin
Note that this is exactly the quantity in the first part of the integral in eq. 36 but will have opposite sign, so therefore
Now we turn to the derivative with respect to r:
Let κ be defined as above and consider one of the integrals in eq. 38.
Note that s(r, r i ) will be constant for r ∈ [0, a] and r ∈ (a, ∞), so
where s 1 and s 2 are constants that depend on whether r i ∈ [0, a] or r i ∈ (a, ∞).
We break the integral in eq. 40 into two parts:
We need to evaluate J 0 at 0, a, and ∞. At zero, we have:
At a we have:
And finally,
The second part of the integral in eq. 40 gives:
We again evaluate J 1 at 0, a, and find the limit as r approaches ∞.
.
Thus, we have, for r ∈ [0, a] and θ i = 0: 
Note that eq. 44 is equivalent to
For r > a, the first integral in eq. 45 reduces to
For a > r, we can then consider
Consider integration by parts on the first term in eq. 46. 
Combining eq. 48 with eq. 46 gives: 
So, we get: 
The pressure profile from eq. 50 and the derivative of the pressure from eq. 43 are plotted in fig. 2 for two values of a/ε. As discussed before, the radius of support for the gradient of the pressure is 3.5ε, and for a/ε = e, the pressure difference P ε,in − P ε,out varies from the Young-Laplace law.
We can now consider the value of the pressure at r = 0. For a sphere, the pressure jump should be P (0)−P (∞) = 2σ a in the limit a/ε → ∞. 
Therefore up to order O e −η 2 /2 η ,
We now consider the general case, where θ i can vary. At equilibrium for a spherical symmetrical system we get dp dr
where we choose the positive z-axis as the radial direction without loss of generality. The domain Ω α is taken as the ball of radius a centered at the origin, and the local spherical coordinate system for the integration is centered at r, and thus the factor − cos φ arises from the quotient (x − y)/|x − y| in the local coordinate system. We will compute the pressure profile in the radial direction of the ball. The domain outside the ball will be denoted as Ω β . The open domain inside the ball is denoted as Ω α . Notice that if the function f (r, s) is angular symmetric and compactly supported, which is the case for pairwise nonlocal interactions considered in this study, then
Below we will denote f (r, s) with coefficient s αα , s ββ , or s αβ as f 11 , f 22 and f 12 , respectively. For r ≥ a we have
where the lower and upper bounds of integral are s l = −r cos φ− a 2 − r 2 sin 2 φ and s u = −r cos φ+ a 2 − r 2 sin 2 φ. We consider a generic term in the integral of eq. 55:
which gives rise to two terms of the same form, one for s 2 u and the other for s 2 l . We consider the integration of term for s 2 u with respect to φ:
cos φ sin φe − r 2 cos 2 φ+a 2 −r 2 sin 2 φ−2r cos φ √ a 2 −r 2 sin 2 φ 2ε 2
where D = r 2 − a 2 . Similarly, we have
The full integral in eq. 55 is now equal to
For r < a we have
where the upper bound of the integral is s u = a 2 − r 2 sin φ 2 − r cos φ. We consider the following generic term in the integral of eq. 60:
This gives rise to two terms. For the upper bound s u we compute 2 + a 2 − r 2 sin 2 φ + r 2 cos 2 φ − 2r cos φ a 2 − r 2 sin 2 φ d(cos φ)
If r = 0, then
otherwise,
For the lower bound 0 we have
The full integration in eq. 60 gives:
4 Two-dimensional flat interface
We consider a flat interface located at x = 0. Note that in this case, the coefficient s(x, x i ) = s(x, x i ) depends only on the x−coordinates. We start with:
First, consider
using the fact that
Consider one integral from eq. 69:
Then, for x i < 0,
Therefore, for x i < 0, eq. 69 gives:
For x i ≥ 0, the solution will be the same as eq. 72 with s αβ and s αα switched.
Therefore, if x < 0,
and for x ≥ 0: To summarize the results for a flat interface in two dimensions,
The numerical and analytic solutions are compared in fig. 3 . The support for both the gradient of the pressure and the pressure profiles is 3.5ε, as for the case of a circle or sphere. The pressure profile is similar to that seen in MD simulations [Masuda and Sawada, 2011, Marchand et al., 2011] and Smoothed Particle Hydrodynamics [Tartakovsky and Panchenko, 2016] .
5 Three-dimensional flat interface
We again consider a flat interface located at x = 0. First, consider
Now,
Using the same argument as in sec. 4, for x i < 0, we get:
For x i ≥ 0, the solution will be the same as eq. 84 with s αβ and s αα switched. Therefore, if x < 0,
and for x ≥ 0:
Summarizing these results, 
Pressure based on the Lennard-Jones potentials
In this section we consider an analytical solution with f ε in eqs. 2, 7, with the Lennard-Jones (LJ) forces. We include a radial distribution function in the integral to give:
The 9-6 LJ potential is given by 
Then,
We will consider the case where the interface is an infinite plane located at x = 0, with domain Ω α = (−∞, 0] × (−∞, ∞) and Ω β = (0, ∞) × (−∞, ∞).
6.1 g(x, y) = 1: 
